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Tools for Effective B-rationality
- singularities in bounded families

- log birational boundedness of certain pairs
- boundedness of singularities on non - let centres
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Prophet (
"

singularities in Bounded Families
" )

Lee e EIR
> °

, P bounded see of couples.
⇒ ⇒

S > 0 depending on E,
P satisfying ⑧

⑨ • (×
,
B) e- Ic pro] pair

• T reduced divisor sit. (X, Supp B + T) EP
• LEO IR- Cartier IR- divisor s

-t.

⇒

N~µL where

{
N supported on T

/eoeffs of N / ≤ 8
⇒ (X

,
B-1L)

kt.PE/P1an-l-1
.
Assume all members of P have dim d

and induct on d

2. Reduce to the case where

• (X, Supp B -1T) log smooth

• B
,
T have no common components

• T is very ample

3. Use induction hypothesis on general member
of thear systems or components of B



[Seep I] Base case D= I

e. ≤ deg L = deg N ES deg T.

#ed Cx)

Assume d 7=2 and assume I. H.

[Stop 2- I] Restrict to log smooth case

Pick
"

simultaneously ( ! )
"

a log resolution ¢ : W → ✗

of (X, B -1T) s-t .

Kw + Bw = ∅*(K× +B) + E
• (W, Bw) e- Ic

• (w, supp Bw + Tw) Is log smooth

& belongs to a bounded set of couple S

(Tw : = (birational transform of 7) + Ex (A)

{ ↳
= 0*2

Nw = ¢*N ⇒ -7m EIN et . (coeffs of Nw) ≤ mf

So we can replace P
,
(×, B) , T, L, N , 8

with S
,
(W, Bw)

,
Tw

,
Lw
, Nw, Ms

and assume that (X, Supp B + 7) 7s log smooth
.



[Step 2-2] Reduce to the case

{
B
,
T have no common components

- CtdT
very ample

q
T = ¥

,
Ty where Tz = >med

components

→ ⇒
distinct

very ample prime dwlsors d-
i , I

d-
zq

Svt .

d-
]
¢ Supp (B) and Ty ~ Nazi - d-%-i. Lee d-: -2dg.

• N - Ia
, Ty ~ N

'

: = Ia
, Az, - 2%12+1

• (X , Supp B +A) belongs to a bounded see R
.

→ can replace T, N,
P with oh

,
N
'

,
R

and (*) is satisfied.

[Seep 3] (X , B -1L) is kt

Suppose
⇒
D prime divisor on birational model of X

sie. a (D, X, B -1L) ≤ 0.

Case0_ D 7s an 7rad divisor on X

1-
d- '

• L = Td-1 . N ≤ STD ⇒ (cuffs of L) ≤ STD .

C- it very ample)

⇒ µ☐(B +↳ ≤ l - e 1- STD { 1
.

(x)



For the
remaining cases

, assume D 7s ex-cop '2 over X
,

and V : = center of D on X
.

Cast ✓ & Supp (B)

In a (D , X, L) = a (D , X , B -1L) ≤ 0.

7-
r C- IN

,
HE /RTI : H timed + smooth

general { vnH≠¢member

(X, H) pH

(X, H -1L) not pt near

any(Inverse of Adjunction)( component of VNH

[KM] Theorem 5.50

(H, LIH) not let near any

component of VNH - (A)

Also
, (coeffs of TIH ) €2

,
so N /

µ
Is supported in

TH i - supp Thing with absolute value of caffs ≤28.

Finally , (H, Tn) EQ for some bounded family Q.

⇒ Can we induction hypothesis on (H, O) , TH , LIM , Why
to define 28

→ (H, L /µ) Ht . Contradiction with (-1-1) .
(×,



Casely V 2s inside some component S of B

: = B + (1- pisB) S .
( _ . . so that fish = 1)

TIB)
& define Is sit. Ks 1- Is = (Kx + d) Is

.

(× , a) pie ⇒ G. As) e- to.

Since 2 : = pis L ≤ STD ,
we can assume

(proved in Case a)

2 LE El- b ⇒ B -1L ≤ + L- 2s
.

⇒ V is non - He centre of (X, 4-12-25)
⇒ s --

( - : µsK+L- 257=1)
⇒ (X, 4-12-25) 7s not pH near V

(Inverse of )Adjunction
⇒ ( S, as -1cL-25) /s) not kt

.We can take
✓
T
'
= T + (extra components) so that

⇒
s
'
~ S se. S

'

supported in T
'

wreh bounded

value of caffs
.

Finally , (S, Supp as -1T' /s ) ER bounded see of couples.

→ use nduoeran hypothesis on (Sids) , Tls, (L- Is
,

(N- 2511g .

⇒ Coneradrceion .
☒,



prop4.LI (
"

Log birational boundedness of certain pairs
" )

Lee d
, v

c- IN
, E

C-Ñ
.

⇒
⇒
c C- IR

>◦
and a bounded set of couples P

depending only on div, E satisfying ⑧ :

⑧ • ✗ normal pray var with dim d

•

B. 3=0 IR- divisor with caffs C- {0} U [E, ao)
• M 20 net a- divisor st.

{
1Mt defines a birational map
uol.CM) Sr

M- (Kx +B) is pseudo - effective
VD

component of M
:
MD (B-1M) ≥ I

⇒
⇒

pray log smooth couple (I , Zz ) c- P and a
birational

map µ :-X - - → × sit.

4) Ex (4) , (birational transform of Supp (Ben)) C- Supp Iz
(2) (Caffs of My i=4*M) ≤a
(3)

⇒
resolution W→ × sit. / Aw / Is basepohine free
( Aw : = movable part of /Mwl )
and

b-
common resolution of Ñ

,
W

÷W
: Ax, := Aw /

×,
~0/I

.

↓
I - - → ×

4



PE I④
I w

.
/
I -→ ×

4) Since 1Mt defines a birational
map ,

we can first think of taking a log resolution

∅ : W → × of (X, Supp (B-1M) )
s.tn/Aw17sbasepoh-free & defines a birational contraction

.

(Mw :=0*M - Aw + Rw)
(movablepane ) (

fixed
part )

w → I = birational contraction determined by Aw

and then take an appropriate resolution I→ Ñ
.

(2) To define I -✗ , construct a boundary dmrsor an

W sue. satisfies boundedness condemns on volumes
,

and then use the resales * [HMX (Auto)]
to conclude boundedness of collection of couples.



[Step I ] Construct ¢ : W →×
,
Mw

,
Aw as in I④ CD

.

We assume Aw Ts a general member of /Awl .

(and let A :=¢*Aw )

[Seep 2] Construction of boundary divisor Rw of W

Assume e c- Co , 1) and Hw E / 6dAw / general .
Define Rw as 1- e (D exap '2 /×)

I - E (D component of Mw)
D prime divisor

'

. µRw = { e (☐ comment of Ñ
of W bue not of Mw )

112 (D= Hw )

0 ( otherwise)

(* = birational transform of B)

Why ? To make Te satisfy :

(V) 1
. (W, Rw) log smooth

(V) 2. components of Ñ
, Mw have nonzero caffs

⇒ any push down of Ew i = Supp Rw will contain

the birational transform of Btm

G) 3
.

{
Kw + Rw big
=.

coeffs In 52W Is a

[HMX (ACC or LCT)
,7) fixed see satisfying DCC( { e. £ , i - e} Lemma D. 3]



7-
✗ C- Co, 1) se. Kw -1 -Rw big

(The face that kw +Rw is big follows from

Lemma 2.46 : Kw 1- ( dms- m )die pair

+ ( constant ) . Get +big Career lower) = big . )22nd

4. v01 (Kw -152W ) is bounded above

↳
will be proved in Seep 3

[Stop 3] volckw + Rw ) is bounded above

Lee R :=¢*Rw .

(7)
vol (Kw -152W) ≤ vol (14+8) € volckx + B -15dm)

< vol (6dm) 4 God)dv
↑ ↑

[ ! M- (K×+B) is pseudo -eff) ( - : volcan Lv)

To
prove (7)

,
it suffices to show B -15dm -52 Is big .

B -15dm -52 = (B-1Mt -12h -e) + (4dm - £H)
(Zo) (~ 4dm - 3dA

which is big )
= big . Done !



[Step 4] Construct (I, %-) and show (1)

We defined Ew i = Supp Rw .

To use results in [HMX (Auto )]
,

we first need to show vol (Kw +Iw 1- 2(2d -11) Aw)
is bounded

.

Re?⃝ 7-
✗ Eco , 1) i kw 1- ✗ Rw is big .

So for p sufficiently large ,
Vol ( Kw + Ew + 2Gtb) Aw)
≤ vol ( Kw 1- ( I -1pct- 4) Rw )
≤ vol ( Kw -1 (I-1pct-d) Rw 1- p(Kw + ✗Rw ))
= vol ( (pti) ( Kw →Rw))

. bounded !
U

⇒
[MM✗ (Auto)

, tells us

Lemma 22 ]

{
Iw = sum of drseant prime divisors

Aw = basepoint free Carver divisor

sue ∅ law, birational

then Iw ' Awd- ' ≤ 2d vol (Kw -1Eur -142dmAw)
.

↳
bounded !



=,
[HMX (Auto)

, tells us

Lemme 2.4.28]

⇒

constants V1 , V2 Sit.

(W, Rw) : there eases a drhtsor Aw Srt.

{
" ICAN ≤ v.

(supp Rw) . Aut' ≤ V2
C- Ew -Aut' )

then the collection of LW , Rw) is bounded
.

TEF
As planned , let W→ Ñ contraction by Aw .

Then ( Ñ , Ey i = (pushdown of Iw )) is bounded
,

and Ex ( Ñ - - → ×) , (birational transform of B.+M) C- 3¢ .

So
,

7-

log resolution I → Ñ of (Ñ, 2*7 at.

( Iz := Ex (I → I) + (birational transform of II ) )
• (I , EI) log smooth

• P : = { (I, 2×7 } bounded I W

• Ex (I - -→ ×)
,
(binational transform /

I - - u -→ Xof B -1M) C- Ex
.

Done !



[Seep 5] car , G)

G) G)

(2) Take common resolution × !

✗
' ZHX '

Hw ~ 6dAw
↓ stewHE Ey w

⇒ Hx~6dAµ

↓ ⇒ Ha
, HI big .E. . _→ ×

⇒
b C- IN depending on P at.

⇒

ample Corner Cz
Sti bH-× - Cz 7s big. ⇒ bH×, - Cx, is big .

( ; = pullback
of G)

Man . CÉ
'

= Mµ . CÉ ' ≤ vollmxitcxi)
↑

f.' Mxi, Cxi nef)

Evd (Mx. + bHµ ) ≤ Vol ( (ltbbd)Mµ) .

↳ banded !

⇒ Coeffs of ME are bounded above by
some fixed number c. (V)

Done !


